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Abstract 

We present explicit formulas for the Faddeev eigenfunctions and 
related generalized scattering data for multipoint potentials in two 
and three dimensions. For single point potentials in 3D such formulas 
were obtained in an old unpublished work of L.D. Faddeev. For single 
point potentials in 2D such formulas were given recently in |10j . 



1 Introduction 

Consider the Schrodinger equation 

— Aip + v(x)ip = Eip, xeR d , (2 = 2,3, (1.1) 

where v(x) is a real- valued sufficiently regular function on M. d with sufficient 
decay at infinity. 
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Let us recall that the classical scattering eigenfunctions ip + for (II .ip are 
specified by the following asymptotics as |x| —> oo: 

^+ = e ikx - inV2^e-^f ( k, \k\^- ) % " ' + o ( ) , d = 2, (1.2) 




i) + = e ikx - 2ir 2 f ( k, \k\f- ) + [-f-r), d = 3, (1.3) 



x G M d , k G M d , k 2 = E > 0, where a priori unknown function f(k,l), 
k,l G k 2 = I 2 = E, arising in (11. 2p . fll.3p . is the classical scattering 
amplitude for (ll.ip . In addition, we consider the Faddeev eigenfunctions ip 
for (II. ip specified by 



$ = e tkx (1 + o(l)) as \x\^oo, (1.4) 

x G R d , k G C d , Irak ^ 0, k 2 = k\ + . . . + k 2 = E; see 0, [13], 0. The 
generalized scattering data arise in more precise version of the expansion 
(II. 4p (see also formulas (I2.3p - (l2.8p ). The Faddeev eigenfunctions have very 
rich analytical properties and are quite important for inverse scattering (see, 
for example, [6], [T2], jg]). 

In the present article we consider equation (II. ip . where v(x) is a finite 
sum of point potentials in two or three dimensions (see [1], [T] and references 
therein). We will write these potentials as: 

rt 

V ( X ) = ^2 £ 3 6 ( X - Z j)> ( L5 ) 

i=i 

but the precise sense of these potentials will be specified below (see Section [3]) 
and, strictly speaking, S(x) is not the standard Dirac delta-function (in the 
physical literature the term renormalized 5-function is used). 

It is known that for these multipoint potentials the classical scattering 
eigenfunctions ip + and the related scattering amplitude / can be naturally 
defined and can be given by explicit formulas (see [TJ and references therein). 
In addition, for single point potentials explicit formulas for the Faddeev eigen- 
functions ip and related generalized scattering amplitude h were obtained in 
an old unpublished work by L.D. Faddeev for d = 3 and in [10] for d = 2. 

In the present article we give explicit formulas for the Faddeev functions 
ip and h for multipoint potentials in the general case for real energies in two 
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and three dimensions (see Theorem 13.11 from the Section [3]). Let us point 
out that our formulas for ip and h involve the values of the Faddeev Green 
function G for the Helmholtz equation, where 

G(x,k) = -——7 e ikx / / — d£, (1.6) 

R d 

(A + k 2 )G(x,k) = 5(x), xeR d , k E C d , Imk^O. (1.7) 

In the present article we consider G(x, k) as some known special function. 

In addition, basic formulas and equations of monochromatic inverse scat- 
tering, derived for sufficiently regular potentials v , remain valid for the Fad- 
deev functions ip and h of Theorem 13.11 Thus, basic formulas and equations 
of monochromatic inverse scattering are illustrated by explicit examples re- 
lated to multipoint potentials. We think that the results of the present work 
can be used, in particular, for testing different monochromatic inverse scat- 
tering algorithms based on properties of the Faddeev functions ip an d h (see 
[2] as a work in this direction). 

It it interesting to note also that explicit formulas for ip and h for mul- 
tipoint potentials show new qualitative effects in comparison with the one- 
point case. In particular, the Faddeev eigenfunctions for 2-point potentials in 
3D may have singularities for real momenta k, in contrast with the one-point 
potentials in 3D (see Statement 13. ip . 

Besides, functions ip and h of Theorem 13. II for d = 2 illustrate a very rich 
family of 2D potentials with spectral singularities in the complex domain. 
Let us recall that monochromatic 2D inverse scattering is well-developed 
only under the assumption that such singularities are absent at fixed energy 
(see [TTJand [10] for additional discussion in this connection). We hope that 
the aforementioned examples and quite different examples from [7], [16] will 
help to find correct analytic formulation of monochromatic inverse scattering 
in two dimensions in the presence of spectral singularities. 



2 Some preliminaries 

It is convenient to write 

V = e^/i, (2.1) 
where ip solves (II. ip . (11. 4p and /x solves 

- Afj, - 2ikVfx + v(x)fi = 0, ke C d , k 2 = E. (2.2) 



3 



In addition, to relate eigenfunctions and scattering data it is convenient 
to use the following presentations, used, for example, in [15J for regular po- 
tentials: 

^^'-/ c?;^ ieR> ' (2 - 3) 

R d 

k ) = l ~j f+f(k + io^ k e R ^ 7 G Sd "> (2 - 4) 

R d 

k) = l-J e ^ fc 2fc ~ ^, fcGC d , Im k ? 0, (2.5) 

where ip + = e lkx fi + are the eigenfunctions specified by fll.2p . (11.31) . xjj = e lkx fi 
are the eigenfunctions specified by (11.41) . /i 7 (x, k) = /i(x, A; + 2O7), /c G M d \0. 
The following formulas hold: 

f(k,l)=F(k,k-l), k,leR d , k 2 = l 2 = E>0, (2.6) 

h 1 (k,l) = H 1 (k,k-l), k, I G M. d , k 2 = l 2 = E>0, (2.7) 

h(k,l) = H(k,k-l), k,leC d , Imfc = ImZ^0, k 2 = I 2 = E, (2.8) 

where / is the classical scattering amplitude of (ll.2p . (II. 3p . /i 7 , /i are the 
Faddeev generalized scattering data of [6]. 

We recall also that for regular real-valued potentials the following for- 
mulas hold (at least outside of the singularities of the Faddeev functions in 
spectral parameter k): 

_d 

dk 



_d_ 

dk, 



d r ijj(x, k) = -2tt / £jH{h, -£)ij>(x, k + OK? + 2tt)d£, (2.9) 
kj J 

R d 

H(k,p) = -2n J 0H(k,-0H(k + Z,p + 0S(e + mdZ, (2.10) 



j = l,...,d, keC d \R d , x,peR d , 

^(x,k)=^ + (x,k) + 2m [ h^OO^-k^e-k^ix,^, (2.11) 



h~f(k, I) = f(k, I) + 2m j h,(k, - k) 7 )6(£ 2 - k 2 )f(£, l)d£, (2.12) 

-feS d ~\ x,k,leR d , k 2 = l 2 , 

where S(t) is the Dirac 5-function, 6{t) is the Heaviside step function; 

fi(x,k)->l for \k\^oo, xeR d , (2.13) 

H(k,p) -»■ —^-t / i;(x)e ipx cfa; for IJfel — >■ oo, p e M d , (2.14) 
(27r) d y 



|fc| = V|Refc| 2 + |Im£;| 2 , 

see [§], [3], [12] and references therein. 
Let us define the following varieties: 

T, E = {k e C d : k 2 = E}, (2.15) 
(l E , p = { keZ E : 2k P = P % {P = ; 3 £ d d Zl (2.16) 

VL E = {keY, El peR d : 2kp = p 2 }, (2.17) 

Q E = {k,l eC d : lmk = lml, k 2 = l 2 = E}. (2.18) 

Note that in the present article we consider the Faddeev functions ip, H, 
h and ?/> 7 , if 7 , /i 7 for multipoint potentials for fixed real energies E only, for 
simplicity. In this connection we consider 

i> on R d x (S£;\ReS B ), if on fi £ \Refi B , h on e E \ReB E , 

Tp 7 (x,k), H 7 (k,p), hj(k,l) for 
7 GS d -\ p 2 = 2kp, k 2 = l 2 = E, fc 7 = 0. 

In addition, we also consider the forms 

d d - d d 

j=i v^i j=i v^i 

on the varieties E B , Q E , P , respectively, where the d/dkj derivatives of /i, H 
are given by 1(23)) . (12101) . 

In addition, we recall that formulas (I2.9p - fl2.14p give a basis for monochro- 
matic inverse scattering for regular potentials in two and three dimensions, 
see [3], |B], 0, (HI, n [13], [H], [15]. 
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3 Main results 

By analogy with [I] we understand the multipoint potentials v(x) from (II. 5p 
as a limit for N — > +00 of non-local potentials 

n 

V N (x,x') = s ^2£ j (N)u j)N (x)u hN (x'), (3.1) 

where 

n „ 

(V N o /i)(x) = 2_. £ j(N) Uj tN (x)uj^ N (x')fi(x')dx' , (3.2) 
1 r { If I < iV 

= (2^3 y <wey^e, %,Ar(e) = 1 [*] ; ^ (3.3) 

x,x',Zj G M d , z m 7^ for m j, £j(N) are normalizing constant specified 
by ( 13. 15ft for d = 3 and ( 13.161) for g? = 2. It is clear that 

( \ ( \ 1 - m / 1 1*1 - ^ 

M iiJV (x) = u ,N{x ~ Zj), where m ,jv(O = < Q M > N 

For v = equation (12.21) has the following explicit Faddeev solutions: 
fi N (x, k) = l + -^-y d J fi N (£, fc)e**d£, (3.4) 

^ fc) = ~ J=1 ^ + 2^ ' (3 - 5) 

x e R d , £ E R d , k e C d , Imk ^ 0, where cjv(fc) = (c 1;N (k), . . .,c njN (k)) is 
the solution of the following linear equation: 

A N (k)c N (k) = b N , (3.6) 

where A^{k) is the n x n matrix and is the n-component vector with the 
following elements: 

A m , hN {k) = <W + e m (N)j^- d [ ^i~ ^f i0 dZ, (3.7) 



(2vr) d J e + 2^ 



b m , N = s m (N). (3.8) 
In addition, equation (12. 2p has the following classical scattering solutions: 

H+(x,k) = fi N {x,k + iOk), xeR d , keR d \0, (3.9) 

arising from 

ji+(g,k) = ii N (€,k + iOk), £eR d , keR d \0. (3.10) 
Let us consider the following Green functions for the operator A + 2ikV: 

R d 

1 ' "DC? 7„ r- jnd\ n r- Cd-l 



(3.12) 



1 f e^ x 



» + <*-*> = -(^f J e+w+iow * 1 e R " * e R >- (313) 

One can see that G(x,k) = e lkx g(x,k), where G(x,k) was defined by ( 11 .6(1 . 
Note also that for d = 3 the Green function g + (x,k) can be calculated 
explicitly: 

1 p-ikx i\k\\x\ 

g + (x, k) = — -j— - — r4 • (3.14) 

47T |X| 

Theorem 3.1 Let d=2 ; 5, 

/ a-JV\ _1 

e j (N) = a j \l--^-J , aj eR, j = l,...,n, ford = 3, (3.15) 

e j (N)=a j (l-^ln(N)y 1 , ctj e R, j = l,...,n, /or d = 2, (3.16) 
Then: 

i. TTie limiting eigenf unctions 

(3.17) 



^(x, fc) = e lkx lim UArfx, fc), x G E , fee C d \IC, k 2 = E e 



are well-defined (at least outside the spectral singularities) . 
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2. The following formulas hold: 
ij}(x,k) = e lkx 



1 + ^ c A k )9{x ~ 



, keC d \R d , k 2 = EeR, 

(3.18) 

where c(k) = (ci(k), . . . ,c n (k)) is the solution of the following linear 
equation: 

A(k)c(k) = b(k), (3.19) 

where A(k) is the n x n matrix, b(k) is the n-component vector with 
the following elements for d = 3: 

~ I j f>fX = J 

AmAk) = \-a m (l-^\lmk\y l g(z m -z v k), m ? j, ^ 
& m (A;) = a m (l-^|ImA;|)" 1 ; (3.21) 

and with the following elements for d — 2: 

1, m = j 

-a m (1 - f^(ln(|Re£;| + | Im A;]))" 1 g(z m - Zj , k), m^j, 

(3.22) 

b m (k) =a m (l- |^(ln(| Re A;| + | ImA;|)) _1 . (3.23) 



Am,j(k) 



In addition, for limiting values of ip the following formulas hold: 



ipy(x, k) = ip(x, k + 2O7) = e 



ikx 



3=1 

xeR d , k e R d \0, 7 e S d ~\ k^ = 0, 



, (3.24) 



where c 7 (/c) = (c 7i i(/c), . . . , c ljTl {k)) is the solution of the following linear 
equation: 

A^(k)c^(k) = 6 7 (Jfe), (3.25) 

where 

A r (k) = A(k + i(yy), b^k) = b(k + ifry) . (3.26) 
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3. The Faddeev generalized scattering data for the limiting potential v 
lii 

by: 



lim Vjv, associated with the limiting eigenfunctions ib ib„ are given 

JV->+oo 



1 " 

k,leC 3 , Imk = ImZ ^ 0, fc 2 = I 2 = £ G 1, 

where Cj(k) are the same as in A3.18\) , Il3.iy\) ; 

1 - 

1 ' j=l 

fc, Z G R d \0, k 2 = l 2 = E, 7 e A; 7 = 0, 

where c 7J (/c) are £/ie same as in {3.2$ , §3. 



(3.27) 



(3.28) 



Note that if ||6(fc)|| = oo then we understand (l3TTg|l - (l3^5jl as ( HTTj) - 

dH3]), g23D, ^M-WM- 

Remark 3.1 Let the assumptions of Theorem \3.1\ be fulfilled. Then: 

1. For the classical scattering eigenfunctions ip + the following formulas 
hold: 



^ + (x, k) = e tkx 



l + J24(k)g + (x-z„k) , (3.29) 

3=1 

where c + {k) = (c^(fc), . . . ,c^(k)) is the solution of the following linear 
equation: 

A + {k)c + {k) = b + (k), (3.30) 

where A + (k) is the n x n matrix, and b + (k) is the n-component vector 
with the following elements for d = 3: 



m = j 

-a m {l + i -^\k\y 1 g + (z m - Zj ,h), m^j, 



b+(k) = a m ( 1 + —\k 



(3.32) 
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and with the following elements for d = 2: 




in 



(1 + 2^-2 In |A;|)) g+(z m - Zj ,k), 



m = j 



m ^ j, 
(3.33) 




) 



-i 



(3.34) 



2. For the classical scattering amplitude f the following formula holds: 



where c^(k) are the same as in $3.29]) . ( E 30]) . In a slightly different 
form formulas \3. 29\) - K3. 35\) are contained in Section II. 1.5 and Chap- 
ter II. 4 of JT$. In addition, the classical scattering functions ip + and 
f for d = 3 are expressed in terms of elementary functions via $3. 29\) - 



Proposition 3.1 Formulas $2. 9]) . $2.10]) in terms ofdkfi, dkH , on He, &e,p, 
formulas A2.ll]) . 112.12]) with k'j = and formula 112.13]) for | lmk\ — > oo are 
fulfilled for functions if) = e tkx fi, if) 1} ip + , h, h 1 of Theorem \3.1\ at least for 
x ^ z j; j = 1, .. . ,n. 

Statement 3.1 Let d = 3, n = 2, E = Efi x > 0. Then for appropriate 
a±, «2 G K\0, Zi,Z2 G K 3 there are real spectral singularities k = k' + iO'y' 
with 7' G S 2 , k' G M 3 , (k') 2 = E fix , k >r y' = 0, of the Faddeev functions if), h 
of Theorem \3.1\ 

Remark 3.2 In connection with Statement s '. 11 note that for the case d = 3, 
n = 1, studied in the old unpublished work of Faddeev, there are no real 
spectral singularities of the Faddeev functions if>, h. In addition, in it 
was shown that for the case d — 2, n — 1, a G M\0 the Faddeev functions 
always have some real spectral singularities (see Statement 3.1 of flO) / for 
details). 

Let us recall that dime He = 1, dim^ He = 2 for d = 2. In addition, it 
is known that for a fixed real energy E = E^ x the spectral singularities of ip 




(3.35) 



k,leR d , k 2 = l 2 = E e M, 
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and H on S^\ReS^ are zeroes of a real- valued determinant function (for 
real potentials). Thus, one can expect that these spectral singularities on 
E£ flx for generic real potentials are either empty or form a family of curves 
Tj, j = ±1, ±2, . . . ± J . The problem of studying the geometry of these 
spectral singularities on £_E flx was formulated already in [11]. In addition, it 
was expected in [TTJ that the most natural configuration of curves is a "nest" 

[T_j C T_ J+1 C . . . C r_! C S l C r\ C . . . C Tj], (3.36) 

see [TTJ for details. 

Figures Fig. 1-Fig. 4 show these spectral singularities for 2-point poten- 
tials for some interesting cases. These figures show that the geometry of the 
singular curves Tj may be different from the "nest" . 




Fig. 1 Fig. 2 

£7 = 4, z 2 - Zl = (0.5, 0), £ = 6, z 2 - z x = (0.5 , 0), 
ol\ = 5, a?2 = 6 ol\ = 5, a?2 = 6 




Fig. 3 Fig. 4 

£ = 5, 22-2! = (10, 0), £ = 5, 2 2 -2i = (10, 0), 

ol\ = 6, a?2 = 6 oti = 6, a?2 = 6.8 



11 



In Figures 1-4 the surface is shown as C\0 with the coordinate A, 
where the parametrization of is given by the formulas: 



fci = ( \ + A) ^f, h = Q - A) AG C\0. (3.37) 

The coordinate axes ImA = 0, Re A = and the unit circle |A| = 1 in C 
are shown in bold. This unit circle corresponds to S s fl 1R 2 , i.e. to real 
(physical) momenta k = (ki,k 2 ). The other black sets inside the rectangles 
in Figures 1-4 show singular curves Tj. 



4 Sketch of proofs 

To prove Theorem 13 .11 we proceed from formulas fl3.3p - fl3.8l) . We rewrite (13.61) 

as 

(/ + A N \k) B N (k)) c N (k) = A N \k) b N , (4.1) 

where A^^k) and B^ik) are the diagonal and off-diagonal parts of A^^k), 
respectively. One can see that 

(AZ\k) b N ) m = £m(7V j -, (4.2) 

<r f 1 f »m,iv(-g)"j,iv(€) 

( M*0 B N {k)) m , = (i - <5 m ,) - \ ^Efao -r: - ( 4 -3) 

In addition, for AT — > +00: 

1 /" M m;iV (-£)%Ar(£) 

(2tt)« 



/ <JV i io^f g ^ -g(^-^i, *0, iM, forrf = 2,3, (4.4) 



ml ; (27r) d 7 R[i e + Zkti i-^IIm/cl 1 ; 

/at\_J_ /" ^m,iy(-Q-»m,iv(0 ,^ t «m f 

£m[IV (2nyJ Rd e + 2k£ d4 ^l-^(ln(|Refc| + |Imfc|) ** ~ 

(4.6) 

fc G C d \M d , fc 2 = £Gl. 
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One can see that (j4.4p follows from (13. lip and the definition of Uj^ in 
O. In turn, formulas f)43]) . follow from f l3~T5j) . fl3TT5j) . the definition 
of and the following asymptotic formulas for iV — > +00: 

f -^———d£ = 4:nN-2n 2 \Imk\+0(N~ 1 ) for d = 3, (4.7) 

f ^ d^ = 2n\nN-2Tr\n(\Rek\ + \lmk\) + 0(N- 1 ) for d = 2, 

?eR d , |f|</v 

(4.8) 

where fc G C d \M d , fc 2 = fiGl. 

Formulas f l3~T7j) -( l3T2^|) follow from f)33]) - (I3T5|1 . (Q]) - (j4TB|l . 
Formulas f l3T24j) -f l3T26|) follow from f l3TT8|) -f l3T23|) . 

Formulas fl3.27p - fl3.28p follow from the relations ip = e lkx fi, ip-y = e lfc:r /i 7 , 
and formulas flU}, (Q, (EZ]), (E3D, f l3TTj) . fl3TT2|) , fl3TT8|) . ( jSJlJ) . 

This completes the sketch of proof of Theorem 13.11 

To prove Proposition 13.11 we rewrite f l3.18p -f l3.23p . f !3.27p in the following 
form: 

n 

V>(x, k) = e ikx + Cj{k)G{x - Zj , k), (4.9) 
1 n 

mp) = (^E c #) e " !fc " e!p " ( 4 - 10 ) 

AC = 13, (4.11) 

An,m(^) = "m 1 - (4vr) _1 | Im/c|, d = 3, 

An.m^) = a" 1 - (27r)- 1 ln(|Refc| + |Imfc|), d = 2, (4.12) 

Anj(^) = -G(z m - Zj,k), m^j, 

B m (k) = e lkz ™, (4.13) 

where G C d \M d , fc 2 = £el,pGl (i 1 p 2 = 2£;p, G is defined by ffL6]) . 
Here 

We recall the formulas (see [T2] ) 
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^-G(x, k) = -j^yTT J ^ k+ ^5(e + 2*Od6, 3 = 1, • • • , d. (4.14) 



G{x,k + £) = G(x,k), for (6< £ 2 + 2fc£ = 0, 

where k E C d \R d . 

We will use also the following formula: 



(4.15) 



G K. 



d k An, m {k) = J (j^ZjdkA 5(e + 2kOd£ on Z E \ReZ E , E 

(4.16) 

The proof of the <9-equation (12. 9p for d k ip(x,k) on E^ReE^ can be 
sketched as formulas (I4.17p - P~22|) on S^ReE^ as follows. 
We have 

n n 

B k ^{x, k) = Y,Cj{k){d k G{x - Zj , k)) + ^{dkC^Gix - z h k). (4.17) 

3=1 3=1 

Using dUTDJ), (jUlj) one can see that: 

n r / d \ 

i=i R J d W / 

(4.18) 

Taking into account (14. 9p . (I4.10p . (I4.17p . ( I4.18P one can see that to prove 
equation (12. 9 P it is sufficient to verify the following B equation: 



d k C m (k) = -(2n) d - 1 J (y^JJk 



.3=1 



6(e+2k£)dC 



In turn, ( I4.19P follows form the following formulas: 

(B k C)A + C(B k A) = 0, 



B k A mj (k) = j^yzi j \J2^sdk)j e l 



(4.19) 
(4.20) 

6(e + 2hS)d£, (4.21) 
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(4.22) 

The <9-equation (12.101) for BkH on £#\Re£.E follows from formula ( 12. 5ft 
and the (9-equation (12. 9p for on E s \ReE £ ;. 

To verify ([2TTTj) with fc 7 = we rewrite ( B^jj) -( EH} , ( I3T28]) and ( 13729]) - 
( l3~35j) in a similar way with (0]l - (03jl : 

n 

^ 7 (x, jfe) = e lkx + C iA k ) G ^ x - Zj , k), (4.23) 

3=1 

n 

h,(kJ) = —-Y,C J Ak)e- Uz >, (4.24) 

( 27r ) 7^ 

^ 7 C 7 = i3 7 , (4.25) 

•^ 7 ,m,m(^) ' ^ 

= a- 1 -(27r)- 1 ln(|fe|), d = 2, (4.26) 

B y , m (k) = e lkz ™, (4.27) 
where 7 G S"*" 1 , fc, I G M d \0, £7 = 0, G 7 (x, k) = G(x, k + 2O7); 

n 

^ + (x, jfe) = e ifca: + ^C+(jfe)G + (:r - z v k), (4.28) 
i=l 

n 

^+C+ = i3+, (4.30) 

= a - 1 + z(4 7 r)- 1 |A;|, d = 3, 

4U(*0 = «~ 1 + (47r)- 1 (^-21n(|A;|)), d = 2, (4.31) 
A+ d (k) = - G + (z m - zj,k), m^j, 

B+(k) = e ikZm , (4.32) 
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where k, I G R d \0. 

We recall the formula (see [5J, [T2"]): 

G,(x, k) = G+(x, k) + „ J e l ^ x 5(e - k 2 )9((£ - (4.33) 

where 7 6 S" 4-1 , fc G M d \0. 

We will use also the following formula: 

27T? /" 

A,, m , m {k) = A+ >m (k) - — y *(£ a - Wfr)^ (4.34) 

£gR d 

where 7 G S** -1 , fc G M d \0, £7 = 0. 

One can see that for ^+ of (fl~23j) . (H~2"8"]) relation (l2~TTj) with £7 = 
is reduced to the following two relations: 

n 

C i,ii k ) ( G t(^ - Zj, k ) ~G + (x- Zj , k)) = (4.35) 

3=1 

= 2m [ h,(k, Z)e* x 6(e - k 2 )6{^)di, 

C ld (k) = Cf(k) + 2m [ h,(k,OS(e - k 2 )9(fr)Cf(0dt, (4.36) 

where 7 G S d -\ k G M d \0, £7 = 0. 

Relation (14T35]) follows from (Qgj) and (f4T24T) . Relation (fOSjl follows 
from the following relations 

(J+(^ + )- 1 (^ 7 -^ + ))C 7 = C + , (4.37) 
(A y (fc)-^ + (*)) mJ = -^ 5 I e<(*--^(5(^ - & 2 )0(£ T K, (4-38) 

27T? r 

[(^l + (A ; ))- 1 (A r (A ; ) - A + (k))] m j = -— d J C+(C)e-^5(f - k 2 )6(^)d^, 

(4.39) 

and formula ( 14.241) for /i 7 . 

This completes the sketch of proof of the relation ( 12. lip . 
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Relation (1232]) can be obtained using fl23D, (ESJ), fl2U), f ETTTjl . 

Formula (I2.13P for | ImA;| — )■ oo can be obtained using (I3.18l) - (l3.23p . 
Sketch of proof of Proposition 13.11 is completed. 

To prove Statement 13.11 we point out that spectral singularities of ip, h 
on £ el, coincide with the zeroes of det A(k), where A(k) is defined 
by (I4.12p (we can always assume that all a m ^ 0). For d = 3, n = 2 we have 
that 



det A{k) 



' 1 


Im k\ 




' 1 


lmk\ 


«1 


Ait 




_ct 2 


Ait 



G(z 1 - z 2 , k) ■ G(z 2 - zi, k). 

(4.40) 



We recall that G(x, k) is real- valued (see [12J) or, more precisely, 



G(x,k) = G(x,k), keZ E \Rei: E , Eel. (4.41) 

For k = k! + ifty of Statement O formulas ( QUI) . (T^ITT) take the form: 

1 



det Aik' + iOy') 



Gy (Zi - Z 2 , k') ■ Gy(z 2 - Zx, k'). 



Gy(x, k') 



(4.42) 
(4.43) 

Therefore, for z\, z 2 such that G^(zx — z 2 , k') ■ Gy(z 2 — zx, k') ^ one can 
always choose ax, a 2 G E such that det A{k' + 2O7') = 0. 
Statement 13.11 is proved. 



Gy(x, k' 
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